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This is how I write 𝜋-calculus things. . .

Term P, Q, R
::= 𝜈x .P create a new channel x , then run P

| x [y ].P send a channel y over x , then run P
| x(y).P receive a channel y over x , then run P
| 0 halt
| (P | Q) run P and Q in parallel
| x↔y forward all messages on x to y and vice versa
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This is how I write 𝜋-calculus things. . .

Term P, Q, R
::= . . .

| x [inl].P send a bit (inl) over x , then run P
| x [inr].P send a bit (inr) over x , then run P
| case x {P; Q} receive a bit over x , then run P or Q
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This is how I write 𝜋-calculus things. . .

Term P, Q, R
::= . . .

| x [].P send a ping over x , then run P
| x().P receive a ping over x , then run P
| case x {} loop
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Local choice

P + Q

QP
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Non-determinism in the 𝜋-calculus (or “global” choice)

𝜈x .(x(y).P | x(z).Q | x [a].x [b].0)

(P{b/y} | Q{a/z})(P{a/y} | Q{b/z})
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Example: a pâtisserie

𝜈x .( x(m).
PW

| x(m).
GM

| x [
Cake
,].x [

Sad
/].0 )

(
PW

{//m} |
GM

{,/m})(
PW

{,/m} |
GM

{//m})
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Pros and cons

Local choice Global choice

Pros: Pros:
∘ It’s pretty simple. . . ∘ It’s inherent in the 𝜋-calculus!
∘ We have typing rules. . .

Cons: Cons:
∘ Everything else! ∘ We don’t have typing rules. . .
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Encoding global choice using local choice

(P{a/y} | Q{b/z}) + (P{b/y} | Q{a/z})

(P{b/y} | Q{a/z})(P{a/y} | Q{b/z})

5



Encoding global choice using local choice

(
PW

{,/m} |
GM

{//m}) + (
PW

{//m} |
GM

{,/m})

(
PW

{//m} |
GM

{,/m})(
PW

{,/m} |
GM

{//m})
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Local choice is not modular

If we extend. . .

𝜈x .(x(y).P | x(z).Q | x [a].x [b].0)

. . . to. . .

𝜈x .(x(y).P | x(z).Q | x(w).R | x [a].x [b].x [c].0)
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Local choice is not modular

Then we must extend. . .

(P{a/y} | Q{b/z}) + (P{b/y} | Q{a/z})

. . . to. . .
(P{a/y} | Q{b/z} | R{c/w}) +
(P{b/y} | Q{a/z} | R{c/w}) +
(P{a/y} | Q{c/z} | R{b/w}) +
(P{b/y} | Q{c/z} | R{a/w}) +
(P{c/y} | Q{a/z} | R{b/w}) +
(P{c/y} | Q{b/z} | R{a/w})
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Encoding local choice using global choice

𝜈x .(case x {P; 0} | case x {Q; 0} | x [inl].x [inr].0)

QP
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Example: a pâtisserie

𝜈x .( x(m).
PW

| x(m).
GM

| x [
Cake
,].x [

Sad
/].0 )

(
PW

{//m} |
GM

{,/m})(
PW

{,/m} |
GM

{//m})
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Classical Processes—Input and Output

Type A, B ::= 𝛼 | 𝛼⊥ | A ⊗ B | A

&

B

Ax
x↔y ⊢ x : A, y : A⊥

P ⊢ Γ, x : A Q ⊢ Δ, x : A⊥
Cut

𝜈x .(P | Q) ⊢ Γ, Δ

P ⊢ Γ, y : A Q ⊢ Δ, x : B ⊗
x [y ].(P | Q) ⊢ Γ, Δ, x : A ⊗ B

P ⊢ Γ, y : A, x : B &

x(y).P ⊢ Γ, x : A

&

B
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Classical Processes—Input and Output
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Classical Processes—Choice and Selection

Type A, B ::= · · · | A ⊕ B | A & B

P ⊢ Γ, x : A ⊕1x [inl].P ⊢ Γ, x : A ⊕ B
P ⊢ Γ, x : B ⊕2x [inr].P ⊢ Γ, x : A ⊕ B

P ⊢ Γ, x : A Q ⊢ Δ, x : B
&case x {P; Q} ⊢ Γ, Δ, x : A & B
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Classical Processes—Units

Type A, B ::= · · · | 1 | ⊥ | 0 | ⊤

1x [].0 ⊢ x : 1
P ⊢ Γ ⊥x().P ⊢ Γ, x : ⊥

(no rule for 0) ⊤case x {} ⊢ x : ⊤
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Example: a pâtisserie

𝜈x .( x(m).
PW

| x(m).
GM

| x [
Cake
,].x [

Sad
/].0 )

(
PW

{//m} |
GM
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Classical Processes—Input and Output

Type A, B ::= 𝛼 | 𝛼⊥ | A ⊗ B | A

&

B

Ax
x↔y ⊢ x : A, y : A⊥

P ⊢ Γ, x : A Q ⊢ Δ, x : A⊥
Cut

𝜈x .(P | Q) ⊢ Γ, Δ

P ⊢ Γ, y : A Q ⊢ Δ, x : B ⊗
x [y ].(P | Q) ⊢ Γ, Δ, x : A ⊗ B
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&
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Non-Deterministic Classical Processes

Type A, B ::= · · · | ?nA | !nA

Term P, Q, R ::= · · · | ?x [y ].P | !x(y).P

P ⊢ Γ, y : A ?1?x [y ].P ⊢ Γ, x : ?1A
P ⊢ Γ, y : A !1!x(y).P ⊢ Γ, x : !1A

P ⊢ Γ, x : ?mA, y : ?nA
ContractP{x/y} ⊢ Γ, x : ?m+nA

P ⊢ Γ, x : !mA Q ⊢ Δ, x : !nA
Pool(P | Q) ⊢ Γ, Δ, x : !m+nA
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Example: a pâtisserie

P ⊢ Γ, y : A⊥
!

!x(y).P ⊢ Γ, x : !1A⊥
Q ⊢ Δ, z : A⊥

!
!x(z).Q ⊢ Δ, x : !1A⊥

Pool
(!x(y).P | !x(z).Q) ⊢ Γ, Δ, x : !2A⊥

R ⊢ Θ, a : A, b : A ?(2)
?x [a].?w [b].R ⊢ Θ, x : ?1A, w : ?1A

Cont?x [a].?x [b].R ⊢ Θ, x : ?2A
Cut

𝜈x .(!x(y).P | !x(z).Q | ?x [a].?x [b].R) ⊢ Γ, Δ, Θ
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Example: a pâtisserie

PW
⊢ Γ, y : A⊥

!
!x(y).

PW
⊢ Γ, x : !1A⊥

GM
⊢ Δ, z : A⊥

!
!x(z).

GM
⊢ Δ, x : !1A⊥

Pool
(!x(y).

PW
| !x(z).

GM
) ⊢ Γ, Δ, x : !2A⊥

0 ⊢ Θ, a : A, b : A ?(2)
?x [,].?w [/].0 ⊢ Θ, x : ?1A, w : ?1A

Cont?x [,].?x [/].0 ⊢ Θ, x : ?2A
Cut

𝜈x .(!x(y).
PW

| !x(z).
GM

| ?x [,].?x [/].0) ⊢ Γ, Δ, Θ
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Cut-elimination procedure

P ⊢ Γ, x : ?nA Q ⊢ Δ, x : !nA⊥
Cut

𝜈x .(P | Q) ⊢ Γ, Δ
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Cut-elimination procedure

P ⊢ Γ, x : ?nA
Expx ↑ y1 · · · yn.P ⊢ Γ, y1 : A · · · yn : A

P ⊢ Γ, y1 : A · · · yn : A Q ⊢ Δ, x : !nA⊥
Intx ↓ y1 · · · yn.Q ⊢ Δ
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Cut-elimination procedure

P ⊢ Γ, x : ?nA Q ⊢ Δ, x : !nA⊥
Cut

𝜈x .(P | Q) ⊢ Γ, Δ

⇓

P ⊢ Γ, x : ?nA
Expx ↑ y1 · · · yn.P ⊢ Γ, y1 : A · · · yn : A Q ⊢ Δ, x : !nA⊥

Intx ↓ y1 · · · yn.(x ↑ y1 · · · yn.P | Q) ⊢ Δ
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Non-determinism

P ⊢ Γ, x : ?nA
Expx ↑ y1 · · · yn.P ⊢ Γ, y1 : A · · · yn : A

NDx ↑ shuffle(y1 · · · yn).P ⊢ Γ, y1 : A · · · yn : A
...
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Non-Deterministic Classical Processes

Type A, B ::= · · · | ?nA | !nA

Term P, Q, R ::= · · · | ?x [y ].P | !x(y).P

P ⊢ Γ, y : A ?1?x [y ].P ⊢ Γ, x : ?1A
P ⊢ Γ, y : A !1!x(y).P ⊢ Γ, x : !1A

P ⊢ Γ, x : ?mA, y : ?nA
ContractP{x/y} ⊢ Γ, x : ?m+nA

P ⊢ Γ, x : !mA Q ⊢ Δ, x : !nA
Pool(P | Q) ⊢ Γ, Δ, x : !m+nA
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