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Programming proof search using reflection
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Proofs and programs

▶ In a language with dependent types, “programs are proofs” and
“types are propositions”.

▶ Proof terms can be brittle and are often tedious to write.
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Evenness

𝖽𝖺𝗍𝖺 𝖤𝗏𝖾𝗇 ∶ ℕ→ 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾
𝖻𝖺𝗌𝖾 ∶ 𝖤𝗏𝖾𝗇 𝟢
𝗌𝗍𝖾𝗉 ∶ ∀ {𝑛} → 𝖤𝗏𝖾𝗇 𝑛 → 𝖤𝗏𝖾𝗇 (𝟤 + 𝑛)

𝖾𝗏𝖾𝗇𝟪 ∶ 𝖤𝗏𝖾𝗇 𝟪
𝖾𝗏𝖾𝗇𝟪 = 𝗌𝗍𝖾𝗉 (𝗌𝗍𝖾𝗉 (𝗌𝗍𝖾𝗉 (𝗌𝗍𝖾𝗉 𝖻𝖺𝗌𝖾)))

There is a clear need for automation…

𝖾𝗏𝖾𝗇𝟣𝟢𝟤𝟦 ∶ 𝖤𝗏𝖾𝗇 𝟣𝟢𝟤𝟦
𝖾𝗏𝖾𝗇𝟣𝟢𝟤𝟦 = ...
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Evenness

𝖽𝖺𝗍𝖺 𝖤𝗏𝖾𝗇 ∶ ℕ→ 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾
𝖻𝖺𝗌𝖾 ∶ 𝖤𝗏𝖾𝗇 𝟢
𝗌𝗍𝖾𝗉 ∶ ∀ {𝑛} → 𝖤𝗏𝖾𝗇 𝑛 → 𝖤𝗏𝖾𝗇 (𝟤 + 𝑛)

𝖾𝗏𝖾𝗇𝟪 ∶ 𝖤𝗏𝖾𝗇 𝟪
𝖾𝗏𝖾𝗇𝟪 = 𝗌𝗍𝖾𝗉 (𝗌𝗍𝖾𝗉 (𝗌𝗍𝖾𝗉 (𝗌𝗍𝖾𝗉 𝖻𝖺𝗌𝖾)))

There is a clear need for automation…

𝖾𝗏𝖾𝗇𝟣𝟢𝟤𝟦 ∶ 𝖤𝗏𝖾𝗇 𝟣𝟢𝟤𝟦
𝖾𝗏𝖾𝗇𝟣𝟢𝟤𝟦 = ...
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Proof by reflection

𝖽𝖺𝗍𝖺 ⊤ ∶ 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾 𝗍𝗍 ∶ ⊤
𝖽𝖺𝗍𝖺 ⊥ ∶ 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾

𝖾𝗏𝖾𝗇? ∶ ℕ→ 𝖲𝖾𝗍
𝖾𝗏𝖾𝗇? 𝟢 = ⊤
𝖾𝗏𝖾𝗇? 𝟣 = ⊥
𝖾𝗏𝖾𝗇? (𝗌𝗎𝖼 (𝗌𝗎𝖼 𝑛)) = 𝖾𝗏𝖾𝗇? 𝑛

𝖾𝗏𝖾𝗇𝟣𝟢𝟤𝟦 ∶ 𝖾𝗏𝖾𝗇? 𝟣𝟢𝟤𝟦
𝖾𝗏𝖾𝗇𝟣𝟢𝟤𝟦 = 𝗍𝗍
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Proof by reflection

𝖽𝖺𝗍𝖺 ⊤ ∶ 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾 𝗍𝗍 ∶ ⊤
𝖽𝖺𝗍𝖺 ⊥ ∶ 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾

𝖾𝗏𝖾𝗇? ∶ ℕ→ 𝖲𝖾𝗍
𝖾𝗏𝖾𝗇? 𝟢 = ⊤
𝖾𝗏𝖾𝗇? 𝟣 = ⊥
𝖾𝗏𝖾𝗇? (𝗌𝗎𝖼 (𝗌𝗎𝖼 𝑛)) = 𝖾𝗏𝖾𝗇? 𝑛

𝖾𝗏𝖾𝗇𝟣𝟢𝟤𝟦 ∶ 𝖾𝗏𝖾𝗇? 𝟣𝟢𝟤𝟦
𝖾𝗏𝖾𝗇𝟣𝟢𝟤𝟦 = 𝗍𝗍
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Soundness

𝗌𝗈𝗎𝗇𝖽𝗇𝖾𝗌𝗌 ∶ (𝑛 ∶ ℕ) → 𝖾𝗏𝖾𝗇? 𝑛 → 𝖤𝗏𝖾𝗇 𝑛
𝗌𝗈𝗎𝗇𝖽𝗇𝖾𝗌𝗌 𝟢 𝑒 = 𝖻𝖺𝗌𝖾
𝗌𝗈𝗎𝗇𝖽𝗇𝖾𝗌𝗌 𝟣 ()
𝗌𝗈𝗎𝗇𝖽𝗇𝖾𝗌𝗌 (𝗌𝗎𝖼 (𝗌𝗎𝖼 𝑛)) 𝑒 = 𝗌𝗍𝖾𝗉 (𝗌𝗈𝗎𝗇𝖽𝗇𝖾𝗌𝗌 𝑛 𝑒)

𝖾𝗏𝖾𝗇𝟣𝟢𝟤𝟦 ∶ 𝖤𝗏𝖾𝗇 𝟣𝟢𝟤𝟦
𝖾𝗏𝖾𝗇𝟣𝟢𝟤𝟦 = 𝗌𝗈𝗎𝗇𝖽𝗇𝖾𝗌𝗌 𝟣𝟢𝟤𝟦 𝗍𝗍
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Soundness

𝗌𝗈𝗎𝗇𝖽𝗇𝖾𝗌𝗌 ∶ (𝑛 ∶ ℕ) → 𝖾𝗏𝖾𝗇? 𝑛 → 𝖤𝗏𝖾𝗇 𝑛
𝗌𝗈𝗎𝗇𝖽𝗇𝖾𝗌𝗌 𝟢 𝑒 = 𝖻𝖺𝗌𝖾
𝗌𝗈𝗎𝗇𝖽𝗇𝖾𝗌𝗌 𝟣 ()
𝗌𝗈𝗎𝗇𝖽𝗇𝖾𝗌𝗌 (𝗌𝗎𝖼 (𝗌𝗎𝖼 𝑛)) 𝑒 = 𝗌𝗍𝖾𝗉 (𝗌𝗈𝗎𝗇𝖽𝗇𝖾𝗌𝗌 𝑛 𝑒)

𝖾𝗏𝖾𝗇𝟣𝟢𝟤𝟦 ∶ 𝖤𝗏𝖾𝗇 𝟣𝟢𝟤𝟦
𝖾𝗏𝖾𝗇𝟣𝟢𝟤𝟦 = 𝗌𝗈𝗎𝗇𝖽𝗇𝖾𝗌𝗌 𝟣𝟢𝟤𝟦 𝗍𝗍
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Open terms

But what to do for open terms?

𝗅𝖾𝗆𝗆𝖺 ∶ ∀ {𝑛} → 𝖤𝗏𝖾𝗇 𝑛 → 𝖤𝗏𝖾𝗇 (𝑛 + 𝟣𝟢𝟤𝟦)
𝗅𝖾𝗆𝗆𝖺 = ...
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Open terms

But what to do for open terms?

𝗅𝖾𝗆𝗆𝖺 ∶ ∀ {𝑛} → 𝖤𝗏𝖾𝗇 𝑛 → 𝖤𝗏𝖾𝗇 (𝑛 + 𝟣𝟢𝟤𝟦)
𝗅𝖾𝗆𝗆𝖺 = 𝖺𝗎𝗍𝗈
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Open terms

But what to do for open terms?

𝗅𝖾𝗆𝗆𝖺 ∶ ∀ {𝑛} → 𝖤𝗏𝖾𝗇 𝑛 → 𝖤𝗏𝖾𝗇 (𝑛 + 𝟣𝟢𝟤𝟦)
𝗅𝖾𝗆𝗆𝖺 = 𝗍𝖺𝖼𝗍𝗂𝖼 (𝖺𝗎𝗍𝗈 𝟧 𝖽𝖻)
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How auto works

We

1. quote the current goal;
2. translate the Agda AST to our own term data type;
3. run proof search;
4. translate the resulting term data type to an Agda AST;
5. unquote the resulting AST.
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How proof search works

We

1. start out with our goal;
2. fork and try to unify the goal with all of our rules’ conclusions;
3. add premises as subgoals to the queue;
4. recurse.

If we ever run out of subgoals, we stop.
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Terms and unification

𝖽𝖺𝗍𝖺 𝖬𝗒𝖳𝖾𝗋𝗆 ∶ 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾
𝗏𝖺𝗋 ∶ ℕ →𝖬𝗒𝖳𝖾𝗋𝗆
𝖼𝗈𝗇 ∶ 𝖭𝖺𝗆𝖾 → 𝖫𝗂𝗌𝗍 𝖬𝗒𝖳𝖾𝗋𝗆 →𝖬𝗒𝖳𝖾𝗋𝗆

𝗎𝗇𝗂𝖿𝗒 ∶ (𝑥 𝑦 ∶ 𝖬𝗒𝖳𝖾𝗋𝗆) → 𝖬𝖺𝗒𝖻𝖾 𝖲𝗎𝖻𝗌𝗍
𝗎𝗇𝗂𝖿𝗒 = ...
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Terms and unification

𝖽𝖺𝗍𝖺 𝖬𝗒𝖳𝖾𝗋𝗆 (𝑛 ∶ ℕ) ∶ 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾
𝗏𝖺𝗋 ∶ 𝖥𝗂𝗇 𝑛 → 𝖬𝗒𝖳𝖾𝗋𝗆 𝑛
𝖼𝗈𝗇 ∶ 𝖭𝖺𝗆𝖾 → 𝖫𝗂𝗌𝗍 (𝖬𝗒𝖳𝖾𝗋𝗆 𝑛) → 𝖬𝗒𝖳𝖾𝗋𝗆 𝑛

𝗎𝗇𝗂𝖿𝗒 ∶ ∀ {𝑛} (𝑥 𝑦 ∶ 𝖬𝗒𝖳𝖾𝗋𝗆 𝑛) → 𝖬𝖺𝗒𝖻𝖾 (∃ (𝖲𝗎𝖻𝗌𝗍 𝑛))
𝗎𝗇𝗂𝖿𝗒 = ...
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Inference rules

𝗋𝖾𝖼𝗈𝗋𝖽 𝖱𝗎𝗅𝖾 (𝑛 ∶ ℕ) ∶ 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾
𝖼𝗈𝗇𝗌𝗍𝗋𝗎𝖼𝗍𝗈𝗋 𝗋𝗎𝗅𝖾
𝖿 𝗂𝖾𝗅𝖽
𝗇𝖺𝗆𝖾 ∶ 𝖭𝖺𝗆𝖾
𝖼𝗈𝗇𝖼𝗅𝗎𝗌𝗂𝗈𝗇 ∶ 𝖬𝗒𝖳𝖾𝗋𝗆 𝑛
𝗉𝗋𝖾𝗆𝗂𝗌𝖾𝗌 ∶ 𝖫𝗂𝗌𝗍 (𝖬𝗒𝖳𝖾𝗋𝗆 𝑛)

𝖺𝗋𝗂𝗍𝗒 ∶ ∀ {𝑛} (𝑟 ∶ 𝖱𝗎𝗅𝖾 𝑛) →ℕ
𝖺𝗋𝗂𝗍𝗒 = 𝗅𝖾𝗇𝗀𝗍𝗁 ∘ 𝗉𝗋𝖾𝗆𝗂𝗌𝖾𝗌

A ‘hint database’ is a list of rules.
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Proof trees

𝖽𝖺𝗍𝖺 𝖲𝖾𝖺𝗋𝖼𝗁𝖳𝗋𝖾𝖾 (𝐴 ∶ 𝖲𝖾𝗍) ∶ 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾
𝗅𝖾𝖺𝖿 ∶ 𝐴 → 𝖲𝖾𝖺𝗋𝖼𝗁𝖳𝗋𝖾𝖾 𝐴
𝗇𝗈𝖽𝖾 ∶ 𝖫𝗂𝗌𝗍 (∞ (𝖲𝖾𝖺𝗋𝖼𝗁𝖳𝗋𝖾𝖾 𝐴)) → 𝖲𝖾𝖺𝗋𝖼𝗁𝖳𝗋𝖾𝖾 𝐴

𝖿𝖺𝗂𝗅 ∶ ∀ {𝐴} → 𝖲𝖾𝖺𝗋𝖼𝗁𝖳𝗋𝖾𝖾 𝐴
𝖿𝖺𝗂𝗅 = 𝗇𝗈𝖽𝖾 []
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Proofs

𝖽𝖺𝗍𝖺 𝖯𝗋𝗈𝗈𝖿 ∶ 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾
𝖼𝗈𝗇 ∶ (𝑛𝑎𝑚𝑒 ∶ 𝖭𝖺𝗆𝖾) (𝑎𝑟𝑔𝑠 ∶ 𝖫𝗂𝗌𝗍 𝖯𝗋𝗈𝗈𝖿) → 𝖯𝗋𝗈𝗈𝖿

𝖯𝖺𝗋𝗍𝗂𝖺𝗅𝖯𝗋𝗈𝗈𝖿 ∶ ℕ→ 𝖲𝖾𝗍
𝖯𝖺𝗋𝗍𝗂𝖺𝗅𝖯𝗋𝗈𝗈𝖿 𝑚 =
∃ (𝜆 𝑘 → 𝖵𝖾𝖼 (𝖬𝗒𝖳𝖾𝗋𝗆 𝑚) 𝑘 × (𝖵𝖾𝖼 𝖯𝗋𝗈𝗈𝖿 𝑘 → 𝖯𝗋𝗈𝗈𝖿))

𝖺𝗉𝗉 ∶ ∀ {𝑛 𝑘}
→ (𝑟 ∶ 𝖱𝗎𝗅𝖾 𝑛)
→ 𝖵𝖾𝖼 𝖯𝗋𝗈𝗈𝖿 (𝖺𝗋𝗂𝗍𝗒 𝑟 + 𝑘)
→ 𝖵𝖾𝖼 𝖯𝗋𝗈𝗈𝖿 (𝗌𝗎𝖼 𝑘)
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Proofs

𝖽𝖺𝗍𝖺 𝖯𝗋𝗈𝗈𝖿 ∶ 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾
𝖼𝗈𝗇 ∶ (𝑛𝑎𝑚𝑒 ∶ 𝖭𝖺𝗆𝖾) (𝑎𝑟𝑔𝑠 ∶ 𝖫𝗂𝗌𝗍 𝖯𝗋𝗈𝗈𝖿) → 𝖯𝗋𝗈𝗈𝖿

𝖯𝖺𝗋𝗍𝗂𝖺𝗅𝖯𝗋𝗈𝗈𝖿 ∶ ℕ→ 𝖲𝖾𝗍
𝖯𝖺𝗋𝗍𝗂𝖺𝗅𝖯𝗋𝗈𝗈𝖿 𝑚 =
∃ (𝜆 𝑘 → 𝖵𝖾𝖼 (𝖬𝗒𝖳𝖾𝗋𝗆 𝑚) 𝑘 × (𝖵𝖾𝖼 𝖯𝗋𝗈𝗈𝖿 𝑘 → 𝖯𝗋𝗈𝗈𝖿))

𝖺𝗉𝗉 ∶ ∀ {𝑛 𝑘}
→ (𝑟 ∶ 𝖱𝗎𝗅𝖾 𝑛)
→ 𝖵𝖾𝖼 𝖯𝗋𝗈𝗈𝖿 (𝖺𝗋𝗂𝗍𝗒 𝑟 + 𝑘)
→ 𝖵𝖾𝖼 𝖯𝗋𝗈𝗈𝖿 (𝗌𝗎𝖼 𝑘)
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Building the search tree

We can build up a lazy 𝖲𝖾𝖺𝗋𝖼𝗁𝖳𝗋𝖾𝖾 using backward-chaining search:

𝗌𝗈𝗅𝗏𝖾
∶ ∀ {𝑚} (𝑔 ∶ 𝖬𝗒𝖳𝖾𝗋𝗆 𝑚) → 𝖧𝗂𝗇𝗍𝖣𝖡→ 𝖲𝖾𝖺𝗋𝖼𝗁𝖳𝗋𝖾𝖾 𝖯𝗋𝗈𝗈𝖿

𝗌𝗈𝗅𝗏𝖾 𝑔 𝑑𝑏 = ...
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Building the search tree

We can build up a lazy 𝖲𝖾𝖺𝗋𝖼𝗁𝖳𝗋𝖾𝖾 using backward-chaining search:

𝗌𝗈𝗅𝗏𝖾
∶ ∀ {𝑚} (𝑔 ∶ 𝖬𝗒𝖳𝖾𝗋𝗆 𝑚) → 𝖧𝗂𝗇𝗍𝖣𝖡→ 𝖲𝖾𝖺𝗋𝖼𝗁𝖳𝗋𝖾𝖾 𝖯𝗋𝗈𝗈𝖿

𝗌𝗈𝗅𝗏𝖾 𝑔 𝑑𝑏 = 𝗌𝗈𝗅𝗏𝖾𝖠𝖼𝖼 (𝟣 , 𝑔 ∷ [] , 𝗁𝖾𝖺𝖽) 𝑑𝑏

𝗌𝗈𝗅𝗏𝖾𝖠𝖼𝖼
∶ ∀ {𝑚} → 𝖯𝖺𝗋𝗍𝗂𝖺𝗅𝖯𝗋𝗈𝗈𝖿 𝑚 → 𝖧𝗂𝗇𝗍𝖣𝖡 → 𝖲𝖾𝖺𝗋𝖼𝗁𝖳𝗋𝖾𝖾 𝖯𝗋𝗈𝗈𝖿

𝗌𝗈𝗅𝗏𝖾𝖠𝖼𝖼 {𝑚} ( 𝟢 , [] , 𝑝) 𝑑𝑏 = 𝗅𝖾𝖺𝖿 (𝑝 [])
𝗌𝗈𝗅𝗏𝖾𝖠𝖼𝖼 {𝑚} (𝗌𝗎𝖼 𝑘 , 𝑔 ∷ 𝑔𝑠 , 𝑝) 𝑑𝑏 = 𝗇𝗈𝖽𝖾 (𝗆𝖺𝗉 𝗇𝖾𝗑𝗍 𝑑𝑏)
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Building the search tree (cont’d)

In 𝗇𝖾𝗑𝗍, we then:

1. see if the 𝖼𝗈𝗇𝖼𝗅𝗎𝗌𝗂𝗈𝗇 can be unified with the current goal;
2. 𝗋𝖺𝗂𝗌𝖾 the variables in the rule by 𝑚 to avoid conflict;
3. prepend the 𝗉𝗋𝖾𝗆𝗂𝗌𝖾𝗌 to the list of current goals;
4. apply the rule to the partial proof;
5. call 𝗌𝗈𝗅𝗏𝖾𝖠𝖼𝖼 with the new partial proof.
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Traversing the search tree

We can traverse the lazy 𝖲𝖾𝖺𝖼𝗁𝖳𝗋𝖾𝖾 using, e.g. depth-first search:

𝖽𝖿𝗌 ∶ ∀ {𝐴} (𝑑𝑒𝑝𝑡ℎ ∶ ℕ) → 𝖲𝖾𝖺𝗋𝖼𝗁𝖳𝗋𝖾𝖾 𝐴 → 𝖫𝗂𝗌𝗍 𝐴
𝖽𝖿𝗌 𝗓𝖾𝗋𝗈 _ = []
𝖽𝖿𝗌 (𝗌𝗎𝖼 𝑘) (𝗅𝖾𝖺𝖿 𝑥) = 𝑥 ∷ []
𝖽𝖿𝗌 (𝗌𝗎𝖼 𝑘) (𝗇𝗈𝖽𝖾 𝑥𝑠) = 𝖼𝗈𝗇𝖼𝖺𝗍𝖬𝖺𝗉 (𝜆 𝑥 → 𝖽𝖿𝗌 𝑘 (♭ 𝑥)) 𝑥𝑠

Where ♭ is Agda’s notation for ‘force’.
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Missing pieces

We

1. quote the current goal;
2. translate the Agda AST to our own term data type;
3. run proof search;
4. translate the resulting term data type to an Agda AST;
5. unquote the resulting AST.
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Connecting to Agda’s reflection

𝗂𝖽𝖳𝖾𝗋𝗆 ∶ 𝖳𝖾𝗋𝗆
𝗂𝖽𝖳𝖾𝗋𝗆 = 𝗊𝗎𝗈𝗍𝖾𝖳𝖾𝗋𝗆 (𝜆 {𝐴 ∶ 𝖲𝖾𝗍} (𝑥 ∶ 𝐴) → 𝑥)

𝗂𝖽𝖳𝖾𝗌𝗍 ∶ 𝗂𝖽𝖳𝖾𝗋𝗆 ≡ 𝗅𝖺𝗆 𝗁𝗂𝖽𝖽𝖾𝗇 (𝗅𝖺𝗆 𝗏𝗂𝗌𝗂𝖻𝗅𝖾 (𝗏𝖺𝗋 𝟢 []))
𝗂𝖽𝖳𝖾𝗌𝗍 = 𝗋𝖾𝖿 𝗅

𝖼𝗈𝗇𝗌𝗍 ∶ {𝐴 𝐵 ∶ 𝖲𝖾𝗍} → 𝐴→ 𝐵→ 𝐴
𝖼𝗈𝗇𝗌𝗍 = 𝗎𝗇𝗊𝗎𝗈𝗍𝖾 (𝗅𝖺𝗆 𝗏𝗂𝗌𝗂𝖻𝗅𝖾 (𝗅𝖺𝗆 𝗏𝗂𝗌𝗂𝖻𝗅𝖾 (𝗏𝖺𝗋 𝟣 [])))

𝗅𝖾𝗆𝗆𝖺 ∶ ∀ {𝑛} → 𝖤𝗏𝖾𝗇 𝑛 → 𝖤𝗏𝖾𝗇 (𝑛 + 𝟣𝟢𝟤𝟦)
𝗅𝖾𝗆𝗆𝖺 = 𝗊𝗎𝗈𝗍𝖾𝖦𝗈𝖺𝗅 g 𝗂𝗇 ...
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Connecting to Agda’s reflection

𝗂𝖽𝖳𝖾𝗋𝗆 ∶ 𝖳𝖾𝗋𝗆
𝗂𝖽𝖳𝖾𝗋𝗆 = 𝗊𝗎𝗈𝗍𝖾𝖳𝖾𝗋𝗆 (𝜆 {𝐴 ∶ 𝖲𝖾𝗍} (𝑥 ∶ 𝐴) → 𝑥)

𝗂𝖽𝖳𝖾𝗌𝗍 ∶ 𝗂𝖽𝖳𝖾𝗋𝗆 ≡ 𝗅𝖺𝗆 𝗁𝗂𝖽𝖽𝖾𝗇 (𝗅𝖺𝗆 𝗏𝗂𝗌𝗂𝖻𝗅𝖾 (𝗏𝖺𝗋 𝟢 []))
𝗂𝖽𝖳𝖾𝗌𝗍 = 𝗋𝖾𝖿 𝗅

𝖼𝗈𝗇𝗌𝗍 ∶ {𝐴 𝐵 ∶ 𝖲𝖾𝗍} → 𝐴→ 𝐵→ 𝐴
𝖼𝗈𝗇𝗌𝗍 = 𝗎𝗇𝗊𝗎𝗈𝗍𝖾 (𝗅𝖺𝗆 𝗏𝗂𝗌𝗂𝖻𝗅𝖾 (𝗅𝖺𝗆 𝗏𝗂𝗌𝗂𝖻𝗅𝖾 (𝗏𝖺𝗋 𝟣 [])))

𝗅𝖾𝗆𝗆𝖺 ∶ ∀ {𝑛} → 𝖤𝗏𝖾𝗇 𝑛 → 𝖤𝗏𝖾𝗇 (𝑛 + 𝟣𝟢𝟤𝟦)
𝗅𝖾𝗆𝗆𝖺 = 𝗊𝗎𝗈𝗍𝖾𝖦𝗈𝖺𝗅 g 𝗂𝗇 ...
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Connecting to Agda’s reflection

𝗂𝖽𝖳𝖾𝗋𝗆 ∶ 𝖳𝖾𝗋𝗆
𝗂𝖽𝖳𝖾𝗋𝗆 = 𝗊𝗎𝗈𝗍𝖾𝖳𝖾𝗋𝗆 (𝜆 {𝐴 ∶ 𝖲𝖾𝗍} (𝑥 ∶ 𝐴) → 𝑥)

𝖼𝗈𝗇𝗌𝗍 ∶ {𝐴 𝐵 ∶ 𝖲𝖾𝗍} → 𝐴→ 𝐵→ 𝐴
𝖼𝗈𝗇𝗌𝗍 = 𝗎𝗇𝗊𝗎𝗈𝗍𝖾 (𝗅𝖺𝗆 𝗏𝗂𝗌𝗂𝖻𝗅𝖾 (𝗅𝖺𝗆 𝗏𝗂𝗌𝗂𝖻𝗅𝖾 (𝗏𝖺𝗋 𝟣 [])))

𝖼𝗈𝗇𝗌𝗍 ∶ {𝐴 𝐵 ∶ 𝖲𝖾𝗍} → 𝐴→ 𝐵→ 𝐴
𝖼𝗈𝗇𝗌𝗍 = 𝗎𝗇𝗊𝗎𝗈𝗍𝖾 (𝗅𝖺𝗆 𝗏𝗂𝗌𝗂𝖻𝗅𝖾 (𝗅𝖺𝗆 𝗏𝗂𝗌𝗂𝖻𝗅𝖾 (𝗏𝖺𝗋 𝟣 [])))

𝗅𝖾𝗆𝗆𝖺 ∶ ∀ {𝑛} → 𝖤𝗏𝖾𝗇 𝑛 → 𝖤𝗏𝖾𝗇 (𝑛 + 𝟣𝟢𝟤𝟦)
𝗅𝖾𝗆𝗆𝖺 = 𝗊𝗎𝗈𝗍𝖾𝖦𝗈𝖺𝗅 g 𝗂𝗇 ...
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Connecting to Agda’s reflection

𝗂𝖽𝖳𝖾𝗋𝗆 ∶ 𝖳𝖾𝗋𝗆
𝗂𝖽𝖳𝖾𝗋𝗆 = 𝗊𝗎𝗈𝗍𝖾𝖳𝖾𝗋𝗆 (𝜆 {𝐴 ∶ 𝖲𝖾𝗍} (𝑥 ∶ 𝐴) → 𝑥)

𝖼𝗈𝗇𝗌𝗍 ∶ {𝐴 𝐵 ∶ 𝖲𝖾𝗍} → 𝐴→ 𝐵→ 𝐴
𝖼𝗈𝗇𝗌𝗍 = 𝗎𝗇𝗊𝗎𝗈𝗍𝖾 (𝗅𝖺𝗆 𝗏𝗂𝗌𝗂𝖻𝗅𝖾 (𝗅𝖺𝗆 𝗏𝗂𝗌𝗂𝖻𝗅𝖾 (𝗏𝖺𝗋 𝟣 [])))

𝖼𝗈𝗇𝗌𝗍 ∶ {𝐴 𝐵 ∶ 𝖲𝖾𝗍} → 𝐴→ 𝐵→ 𝐴
𝖼𝗈𝗇𝗌𝗍 = 𝗎𝗇𝗊𝗎𝗈𝗍𝖾 (𝗅𝖺𝗆 𝗏𝗂𝗌𝗂𝖻𝗅𝖾 (𝗅𝖺𝗆 𝗏𝗂𝗌𝗂𝖻𝗅𝖾 (𝗏𝖺𝗋 𝟣 [])))

𝗅𝖾𝗆𝗆𝖺 ∶ ∀ {𝑛} → 𝖤𝗏𝖾𝗇 𝑛 → 𝖤𝗏𝖾𝗇 (𝑛 + 𝟣𝟢𝟤𝟦)
𝗅𝖾𝗆𝗆𝖺 = 𝗊𝗎𝗈𝗍𝖾𝖦𝗈𝖺𝗅 g 𝗂𝗇 ...
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Connecting to Agda’s reflection

𝗂𝖽𝖳𝖾𝗋𝗆 ∶ 𝖳𝖾𝗋𝗆
𝗂𝖽𝖳𝖾𝗋𝗆 = 𝗊𝗎𝗈𝗍𝖾𝖳𝖾𝗋𝗆 (𝜆 {𝐴 ∶ 𝖲𝖾𝗍} (𝑥 ∶ 𝐴) → 𝑥)

𝖼𝗈𝗇𝗌𝗍 ∶ {𝐴 𝐵 ∶ 𝖲𝖾𝗍} → 𝐴→ 𝐵→ 𝐴
𝖼𝗈𝗇𝗌𝗍 = 𝗎𝗇𝗊𝗎𝗈𝗍𝖾 (𝗅𝖺𝗆 𝗏𝗂𝗌𝗂𝖻𝗅𝖾 (𝗅𝖺𝗆 𝗏𝗂𝗌𝗂𝖻𝗅𝖾 (𝗏𝖺𝗋 𝟣 [])))

𝗅𝖾𝗆𝗆𝖺 ∶ ∀ {𝑛} → 𝖤𝗏𝖾𝗇 𝑛 → 𝖤𝗏𝖾𝗇 (𝑛 + 𝟣𝟢𝟤𝟦)
𝗅𝖾𝗆𝗆𝖺 = 𝗊𝗎𝗈𝗍𝖾𝖦𝗈𝖺𝗅 g 𝗂𝗇 ...
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Why we won’t talk about the translations…

𝖽𝖺𝗍𝖺 𝖳𝖾𝗋𝗆 ∶ 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾
𝗏𝖺𝗋 ∶ ℕ → 𝖫𝗂𝗌𝗍 (𝖠𝗋𝗀 𝖳𝖾𝗋𝗆) → 𝖳𝖾𝗋𝗆
𝖼𝗈𝗇 ∶ 𝖭𝖺𝗆𝖾 → 𝖫𝗂𝗌𝗍 (𝖠𝗋𝗀 𝖳𝖾𝗋𝗆) → 𝖳𝖾𝗋𝗆
𝖽𝖾𝖿 ∶ 𝖭𝖺𝗆𝖾 → 𝖫𝗂𝗌𝗍 (𝖠𝗋𝗀 𝖳𝖾𝗋𝗆) → 𝖳𝖾𝗋𝗆
𝗅𝖺𝗆 ∶ 𝖵𝗂𝗌𝗂𝖻𝗂𝗅𝗂𝗍𝗒 → 𝖳𝖾𝗋𝗆 → 𝖳𝖾𝗋𝗆
𝗉𝖺𝗍−𝗅𝖺𝗆 ∶ 𝖫𝗂𝗌𝗍 𝖢𝗅𝖺𝗎𝗌𝖾 → 𝖫𝗂𝗌𝗍 (𝖠𝗋𝗀 𝖳𝖾𝗋𝗆) → 𝖳𝖾𝗋𝗆
𝗉𝗂 ∶ 𝖠𝗋𝗀 𝖳𝗒𝗉𝖾 → 𝖳𝗒𝗉𝖾 → 𝖳𝖾𝗋𝗆
𝗌𝗈𝗋𝗍 ∶ 𝖲𝗈𝗋𝗍 → 𝖳𝖾𝗋𝗆
𝗅𝗂𝗍 ∶ 𝖫𝗂𝗍𝖾𝗋𝖺𝗅 → 𝖳𝖾𝗋𝗆
𝗊𝗎𝗈𝗍𝖾−𝗀𝗈𝖺𝗅 ∶ 𝖳𝖾𝗋𝗆 → 𝖳𝖾𝗋𝗆
𝗊𝗎𝗈𝗍𝖾−𝗍𝖾𝗋𝗆 ∶ 𝖳𝖾𝗋𝗆 → 𝖳𝖾𝗋𝗆
𝗊𝗎𝗈𝗍𝖾−𝖼𝗈𝗇𝗍𝖾𝗑𝗍 ∶ 𝖳𝖾𝗋𝗆
𝗎𝗇𝗊𝗎𝗈𝗍𝖾−𝗍𝖾𝗋𝗆 ∶ 𝖳𝖾𝗋𝗆 → 𝖫𝗂𝗌𝗍 (𝖠𝗋𝗀 𝖳𝖾𝗋𝗆) → 𝖳𝖾𝗋𝗆
𝗎𝗇𝗄𝗇𝗈𝗐𝗇 ∶ 𝖳𝖾𝗋𝗆
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Overview

Assuming we have some conversions from and to Agda…

𝗉𝗈𝗌𝗍𝗎𝗅𝖺𝗍𝖾
𝖿𝗋𝗈𝗆𝖠𝗀𝖽𝖺 ∶ 𝖳𝖾𝗋𝗆 →𝖬𝖺𝗒𝖻𝖾 (∃ 𝖬𝗒𝖳𝖾𝗋𝗆)
𝗍𝗈𝖠𝗀𝖽𝖺 ∶ 𝖯𝗋𝗈𝗈𝖿 → 𝖳𝖾𝗋𝗆

…the 𝖺𝗎𝗍𝗈 tactic works as follows:

𝖺𝗎𝗍𝗈 ∶ (𝑑𝑒𝑝𝑡ℎ ∶ ℕ) → 𝖧𝗂𝗇𝗍𝖣𝖡 → 𝖳𝖾𝗋𝗆→ 𝖳𝖾𝗋𝗆
𝖺𝗎𝗍𝗈 𝑑𝑒𝑝𝑡ℎ 𝑑𝑏 𝑔𝑜𝑎𝑙 𝗐𝗂𝗍𝗁 𝖿𝗋𝗈𝗆𝖠𝗀𝖽𝖺 𝑔𝑜𝑎𝑙
... | 𝗇𝗈𝗍𝗁𝗂𝗇𝗀 = 𝗂𝗌𝖭𝗈𝗍𝖥𝗂𝗋𝗌𝗍𝖮𝗋𝖽𝖾𝗋
... | 𝗃𝗎𝗌𝗍 (𝑚 , 𝑔) 𝗐𝗂𝗍𝗁 𝗌𝗈𝗅𝗏𝖾 𝑔 𝑑𝑏
... | 𝑠𝑒𝑎𝑟𝑐ℎ𝑇𝑟𝑒𝑒 𝗐𝗂𝗍𝗁 𝖽𝖿𝗌 𝑑𝑒𝑝𝑡ℎ 𝑠𝑒𝑎𝑟𝑐ℎ𝑇𝑟𝑒𝑒
... | [] = 𝗇𝗈𝖯𝗋𝗈𝗈𝖿𝖥𝗈𝗎𝗇𝖽
... | (𝑝 ∷ _) = 𝗍𝗈𝖠𝗀𝖽𝖺 𝑝
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Overview

Assuming we have some conversions from and to Agda…

𝗉𝗈𝗌𝗍𝗎𝗅𝖺𝗍𝖾
𝖿𝗋𝗈𝗆𝖠𝗀𝖽𝖺 ∶ 𝖳𝖾𝗋𝗆 →𝖬𝖺𝗒𝖻𝖾 (∃ 𝖬𝗒𝖳𝖾𝗋𝗆)
𝗍𝗈𝖠𝗀𝖽𝖺 ∶ 𝖯𝗋𝗈𝗈𝖿 → 𝖳𝖾𝗋𝗆

…the 𝖺𝗎𝗍𝗈 tactic works as follows:

𝖺𝗎𝗍𝗈 ∶ (𝑑𝑒𝑝𝑡ℎ ∶ ℕ) → 𝖧𝗂𝗇𝗍𝖣𝖡 → 𝖳𝖾𝗋𝗆→ 𝖳𝖾𝗋𝗆
𝖺𝗎𝗍𝗈 𝑑𝑒𝑝𝑡ℎ 𝑑𝑏 𝑔𝑜𝑎𝑙 𝗐𝗂𝗍𝗁 𝖿𝗋𝗈𝗆𝖠𝗀𝖽𝖺 𝑔𝑜𝑎𝑙
... | 𝗇𝗈𝗍𝗁𝗂𝗇𝗀 = 𝗂𝗌𝖭𝗈𝗍𝖥𝗂𝗋𝗌𝗍𝖮𝗋𝖽𝖾𝗋
... | 𝗃𝗎𝗌𝗍 (𝑚 , 𝑔) 𝗐𝗂𝗍𝗁 𝗌𝗈𝗅𝗏𝖾 𝑔 𝑑𝑏
... | 𝑠𝑒𝑎𝑟𝑐ℎ𝑇𝑟𝑒𝑒 𝗐𝗂𝗍𝗁 𝖽𝖿𝗌 𝑑𝑒𝑝𝑡ℎ 𝑠𝑒𝑎𝑟𝑐ℎ𝑇𝑟𝑒𝑒
... | [] = 𝗇𝗈𝖯𝗋𝗈𝗈𝖿𝖥𝗈𝗎𝗇𝖽
... | (𝑝 ∷ _) = 𝗍𝗈𝖠𝗀𝖽𝖺 𝑝
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Overview (cont’d)

Proof automation can be just like regular programming!

There are some limitations to 𝖺𝗎𝗍𝗈:

▶ it only handles terms with first-order types;
▶ it’s not blazingly fast.

An 𝖺𝗎𝗍𝗈 tactic, in general, is not very intelligent.
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Tactics for natural numbers

𝖽𝖺𝗍𝖺 𝖤𝗑𝗉 (𝐴𝑡𝑜𝑚 ∶ 𝖲𝖾𝗍) ∶ 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾
𝗏𝖺𝗋 ∶ (𝑥 ∶ 𝐴𝑡𝑜𝑚) → 𝖤𝗑𝗉 𝐴𝑡𝑜𝑚
𝗅𝗂𝗍 ∶ (𝑛 ∶ ℕ) → 𝖤𝗑𝗉 𝐴𝑡𝑜𝑚
_⟨+⟩_ ∶ (𝑒 𝑒 ∶ 𝖤𝗑𝗉 𝐴𝑡𝑜𝑚) → 𝖤𝗑𝗉 𝐴𝑡𝑜𝑚
_⟨∗⟩_ ∶ (𝑒 𝑒 ∶ 𝖤𝗑𝗉 𝐴𝑡𝑜𝑚) → 𝖤𝗑𝗉 𝐴𝑡𝑜𝑚

𝖺𝗎𝗍𝗈−𝗉𝗋𝗈𝗈𝖿 ∶ ∀ 𝑒 𝑒 𝜌 →𝖬𝖺𝗒𝖻𝖾 (⟦ 𝑒 ⟧𝖾 𝜌 ≡ ⟦ 𝑒 ⟧𝖾 𝜌)
𝖺𝗎𝗍𝗈−𝗉𝗋𝗈𝗈𝖿 𝑒 𝑒 𝜌 𝗐𝗂𝗍𝗁 𝗇𝗈𝗋𝗆 𝑒 == 𝗇𝗈𝗋𝗆 𝑒
𝖺𝗎𝗍𝗈−𝗉𝗋𝗈𝗈𝖿 𝑒 𝑒 𝜌 | 𝗇𝗈 _ = 𝗇𝗈𝗍𝗁𝗂𝗇𝗀
𝖺𝗎𝗍𝗈−𝗉𝗋𝗈𝗈𝖿 𝑒 𝑒 𝜌 | 𝗒𝖾𝗌 𝑛𝑓𝑒𝑞 = ...

𝖺𝗎𝗍𝗈−𝗍𝖺𝖼𝗍𝗂𝖼 ∶ 𝖳𝖾𝗋𝗆 → 𝖳𝖾𝗋𝗆
𝖺𝗎𝗍𝗈−𝗍𝖺𝖼𝗍𝗂𝖼 𝑡 = ...
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𝖺𝗎𝗍𝗈−𝖾𝗑𝖺𝗆𝗉𝗅𝖾𝟣 ∶ (𝑎 𝑏 ∶ ℕ) → (𝑎 ∸ 𝑏) ∗ (𝑎 + 𝑏) ≡ 𝑎 ^ 𝟤 ∸ 𝑏 ^ 𝟤
𝖺𝗎𝗍𝗈−𝖾𝗑𝖺𝗆𝗉𝗅𝖾𝟣 𝑎 𝑏 = 𝖺𝗎𝗍𝗈

𝖺𝗎𝗍𝗈−𝖾𝗑𝖺𝗆𝗉𝗅𝖾𝟤 ∶ (𝑎 𝑏 ∶ ℕ) → (𝑎 + 𝑏) ^ 𝟤 ≥ 𝑎 ^ 𝟤 + 𝑏 ^ 𝟤
𝖺𝗎𝗍𝗈−𝖾𝗑𝖺𝗆𝗉𝗅𝖾𝟤 𝑎 𝑏 = 𝖺𝗎𝗍𝗈
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Future Work

▶ 𝗆𝖺𝖼𝗋𝗈 functions can only take quoted arguments

𝖽𝖺𝗍𝖺 𝖰 {𝑎} (𝐴 ∶ 𝖲𝖾𝗍 𝑎) ∶ 𝖲𝖾𝗍 𝗐𝗁𝖾𝗋𝖾
𝗊 ∶ 𝖳𝖾𝗋𝗆 → 𝖰 𝐴

𝗆𝖺𝖼𝗋𝗈
𝗉𝗅𝗎𝗌−𝗍𝗈−𝗍𝗂𝗆𝖾𝗌 ∶ 𝖰 ℕ − > 𝖰ℕ
𝗉𝗅𝗎𝗌−𝗍𝗈−𝗍𝗂𝗆𝖾𝗌 = ...

𝗆𝖺𝖼𝗋𝗈
𝖺𝗎𝗍𝗈 ∶ (𝑑𝑒𝑝𝑡ℎ ∶ ℕ) → 𝖧𝗂𝗇𝗍𝖣𝖡→ 𝖳𝖾𝗋𝗆
𝖺𝗎𝗍𝗈 = ...
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Conclusion

▶ Proof automation can be just like regular programming!
▶ In bleeding-edge Agda, one can implement tactics without much

syntactic noise.
▶ An 𝖺𝗎𝗍𝗈 tactic can be useful for putting programs together in a

robust manner; not for proof search.
▶ Understanding the problem space and writing a fast decision

procedure is much more useful, but also takes much more effort.
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